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Constrained Actor-Critic Reinforcement Learning
for Deformable Object Visual Shape Servoing

Vrithik Raj Guthikonda, Rounak Bhattacharya, Ashwin P. Dani

Abstract—A constrained adaptive actor-critic (AAC)-based
policy iteration controller for vision-based shape servoing of a
deformable object is presented in this paper. A finite point-based
representation of the deformable object is used, and the defor-
mation Jacobian matrix is approximated using Fourier-series
basis functions. An integral concurrent learning (ICL)-based
parameter update law is designed to update the deformation
model parameters. The high-dimensional state representation
of the object requires large number of parameters to learn
the deformation model, value function, and the optimal policy.
To address this, a principal component analysis (PCA)-based
dimensionality reduction method is used to compute a low
dimensional representation of the object, which is then used
to design the constrained AAC controller. A barrier transform
(BT) method is used to transform part of the state into a
constrained state, thereby ensuring that the physical constraints
are satisfied. The proposed controller is extensively tested in
simulations across several desired configurations, and through
Monte Carlo runs on an ABB IRB120 robot platform.

I. INTRODUCTION

The manipulation of deformable objects is a common
problem in robotics and automation applications, including
those in space and manufacturing. Feedback from cameras
and/or depth sensors is generally used in robotic manipu-
lation tasks involving deformable objects. The process of
closed-loop control performed using camera feedback to
regulate the shape of deformable objects to their desired
form is termed vision-based shape servoing (VSS). Many
contributions in literature have focused on the VSS problem
[1]–[4], however, few have designed optimal controllers on
reduced dimensional state representation while satisfying
physical constraints. In this paper, a controller for the optimal
VSS problem is presented using an actor-critic-based policy
iteration reinforcement learning algorithm [5]–[7] applied
to a reduced-dimensional state computed using principal
component analysis (PCA). In addition to achieving optimal
reduced dimensional VSS, a physical constraint, formulated
as a constraint on the control point state, is also encoded
using the barrier transform (BT) method [8], [9].
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Shape servoing controllers typically use a deformation
model that describes the relationship between the velocity ap-
plied at the control point on the object and the resulting shape
change. The deformation models, represented in a differential
equation form using state representations based on a mesh
of point coordinates, contours, B-splines, are used to develop
model-based controllers. Finite element method (FEM) [10]–
[12] can accurately model the object’s deformation physics
using mesh of connected points, but are also computationally
expensive for real-time implementation. In contrast, mass-
spring-damper (MSD) models [13], or geometric models
[4], [14] may show better computational efficiency for real-
time implementation of the model-based controllers. Using
geometric modeling, contour representation of the object,
parametrized using Bezier curves, is used in [15] to develop
an adaptive controller for VSS. Similarly, a polynomial rep-
resentation of the object is used in [14], where a deformation
model-based visual servoing controller similar to Image-
based Visual Servo (IBVS) control is developed.

The deformation Jacobian models can be learned using
parametric function approximation techniques such as neural
networks (NN), deep NN (DNN), Fourier series, or can
be directly learned with no explicit parametrization. The
parameters are learned offline or online using deformation
data. A local linear deformation model-based control is
presented in [2], [16], where the deformation Jacobian is
estimated by solving a weighted least squares problem, with
parameter recalibration as more deformation data becomes
available. A DNN is used to learn the deformation model in
[17], [18], which is then used to develop a VSS controller.
In [19], [20], model inversion-based adaptive deformation
Jacobian controllers, with and without state constraints, are
developed using a Fourier series-based approximation, where
the unknown deformation model parameters are estimated
online using integral concurrent learning (ICL) method of
[21]. Although all these controllers are able to achieve shape
servoing to the desired configurations, the controllers are not
designed to optimize a performance index and to satisfy the
state constraints.

Many model-based reinforcement learning (RL) methods
for continuous-time nonlinear systems have been developed
for approximate optimal control, see [5]–[7], [9], [22]. For
VSS problem, an optimal controller using a linear quadratic
regulator (LQR) formulation is developed in [23] to achieve a
desired final shape of the object along a specific deformation
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path. A deep deterministic policy gradient (DDPG)-based
model-free actor-critic algorithm is presented in [24] for
shape servoing. A model-based approximate optimal control
method is developed in [25], [26] for drift-free systems,
in which the dynamics of deformation Jacobian-based VSS
are also expressed. While applying these controllers to VSS
problem, which may require high dimensional state space
representation, a model order reduction (MoR) is required to
achieve computational efficiency.

For VSS, the MoR problem [27] is addressed in [18],
[28] using PCA, which generates a reduced state dimension
before designing the shape servoing controller. In [29], a
proper orthogonal decomposition (POD)-based model order
reduction method is developed to project the FEM-based
dynamics in reduced dimension, for FEM simulation-based
control of soft robot. Within model-based RL, approxi-
mate optimal controllers for reduced order models are also
designed. An efficient RL controller for high-dimensional
complex systems using Koopman operators [30], where the
reduced order linear model is approximated using extended
dynamic mode decomposition (eDMD), are developed in
[31], [32], by choosing a good set of observables. The eDMD
method requires choosing a good set of observables for
fitting linear system approximation of the nonlinear model
[33]. The POD methods use PCA-like approach to compute
dominant modes, for which the reduced order dynamics is
computed using Galerkin projection of the known original
nonlinear dynamics. For our paper, the deformation Jacobian
model is learned online from data. PCA-based approach first
captures the reduced-order dominant spatial modes, in the
form of a reduced state, using variance criterion, for which
the nonlinear dynamics are learned using a Fourier-basis
parametrized model for designing model-based RL controller.

Compared to the existing literature on VSS [2]–[4], [14],
[15], [18], [23], [28], the contribution of this paper is to
develop a constrained approximate optimal controller for
the VSS problem using the adaptive actor-critic (AAC)
policy iteration RL for drift-free systems [26] in reduced
dimensional state. Since the number of points required to
accurately capture deformation behavior can be large, the
state dimension of the VSS problem also becomes large. As
a result, the NNs used to approximate the value function
and the control policy contain a large number of parameters,
making the control algorithm computationally expensive. The
solution approach taken in the paper is to first reduce the
state dimension of the deformable object using PCA, and
then develop an AAC-RL controller using the reduced-order
dynamics. By using a low-dimensional state representation,
the number of parameters used to represent the deforma-
tion model is significantly reduced, which in turn lowers
the computational complexity of estimating the deformation
Jacobian model and the AAC controller through parameter
update laws.

To avoid collisions between the robot and the environment,
the state corresponding to the control point on the deformable

object is constrained using a BT. The proposed controller
is referred to as the PCA-BT-AAC controller. A Lyapunov
stability analysis of the PCA-BT-AAC controller in the
transformed space is presented, showing that the closed-loop
state remains ultimately bounded. Furthermore, it is shown
that the shape error between the original non-reduced state
and the desired shape also remains ultimately bounded. The
PCA-BT-AAC controller is validated through simulations
across various cloth-folding tasks involving different desired
configurations and cloths of different sizes, which may re-
quire high-dimensional state representations. Ablation studies
and statistical tests are performed to evaluate the effects of
different controller components, such as dimensionality re-
duction, constraint satisfaction and optimality. The proposed
controller is also validated through Monte Carlo experiments
on a cloth-folding task using object configurations estimated
from real-time RGB-D camera data.

The rest of the paper is organized as follows. Section II
discusses the deformation dynamics and defines the objective
of the constrained optimal VSS problem. Section III shows
details of the partial state constraint using BT method. Details
of how to reduce state dimension before developing an RL
controller is shown in Section IV. Section V discusses the
mathematical and algorithmic aspects of the policy iteration
RL algorithm. A Lyapunov stability analysis is carried out in
Section VI, showing that the signals of closed-loop system
remain bounded and that the shape servoing error converges
exponentially to a bound. Sections VII and VIII provide
detailed simulation and experimental results, respectively.

II. DEFORMATION MODEL AND OPTIMAL VSS

In this section, the geometric representation and system
dynamics of a deformable object are discussed and the
optimal VSS problem is introduced. The deformable object’s
shape and position in 3D are represented using a set of points
on the object and a set of control points, which are used to
manipulate the object’s shape to a desired configuration. The
object deformation is defined as a change in the positions of
the free moving points on the deformable object resulting
from a velocity input applied at the control points. The
following assumptions are made to model the deformation
behavior of the object.

Assumption 1. The desired configuration is reachable using
a set of selected control points.

Assumption 2. The object is deformed by applying quasi-
static robot motions, which yields slower motions such that
the object’s inertial, rheological, and viscous effects during
the motion are minimal.

Assumption 3. The deformable object is rigidly grasped at
all times with no loose contact during the VSS task.

Assumption 4. The set of control points is represented using
one common point.
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A. Deformation Dynamics

Consider the following system representing the change in
the 3D positions of points on the deformable object as a
function of the velocity applied at a point on the object

ṡ = Js(s, θ)v (1)

where s(t) = [sT1 , ..., s
T
n ]

T ∈ Rn are feature points repre-
senting the deformable object, and v(t) ∈ Rm represents the
control input. Such a model can be derived from global defor-
mation model presented in [34]. The unknown deformation
Jacobian Js(s, θ) ∈ Rn×m is approximated using a Fourier
series-based regression, expressed as

Js(s, θ) = [θ1Y1(s), θ2Y2(s), . . . , θnYn(s)]
T (2)

where Yi(s) ∈ Rd×1 represents a set of basis functions and
θi ∈ Rm×d represents corresponding parameters. Each basis
function Yi(s) is constructed as follows

Yi(s) =
1√
d

[
cos

(
ωT
1 s

τ

)
, sin

(
ωT
2 s

τ

)
, . . . , cos

(
ωT
d−1s

τ

)
,

. . . sin

(
ωT
d s

τ

)]T
(3)

where ωk ∈ Rn denotes the frequencies with k = {1, ..., d},
d is the number of basis functions, and τ ∈ R is a constant
selected based on the size of the basis functions. To facilitate
VSS controller development, the system dynamics (1) are
written in the following linear-in-parameter form

ṡ = Y(s, v)θ̄ (4)

where Y(s, v) = Ȳ T (s) ⊗ vT ∈ Rn×nmd and θ̄ =[
θT11, θ

T
12, . . . , θ

T
21 . . . θ

T
nd

]T ∈ Rnmd, such that θij represents
the ith matrix’s jth column, and Ȳ (s) ∈ Rnd×n is con-
structed such that Ȳ (s) = Yi(s)⊗ In×n.

B. Constrained Optimal VSS Objective

Given the object shape representation and deformation
model, the constrained optimal VSS objective is to design
an (approximate) optimal control v(t) such that the object’s
shape is regulated to a desired shape by minimizing a
performance index and keeping the states within a prescribed
bound. In addition, the computation required for the con-
troller implementation should scale to various sizes of objects
from small to large, i.e., from low-to-high dimensional state
spaces. To achieve these objectives, an AAC-based policy
iteration RL controller is designed to achieve the optimal
VSS objective, a BT method is used to keep the states within
specified bounds, and a PCA-based dimensionality reduction
method is used to obtain a set of features with low dimen-
sional state space to which the constrained AAC method is
applied. For the control design, the shape regulation error
s̃(t) ∈ Rn is defined as

s̃(t) ≜ s(t)− sd (5)

where sd ∈ Rn are the features of the deformable object
at the desired configuration. The parameter estimation error
˜̄θ ∈ Rnmd is defined as

˜̄θ ≜ θ̄ − ˆ̄θ. (6)

where ˆ̄θ ∈ Rnmd is a model parameter estimate. Taking the
time derivative of (5) and using (1) yields the following open-
loop dynamics

˙̃s(t) = Js(s, θ)v = Js(s̃, sd, θ)v (7)

III. CONSTRAINED MODEL USING BARRIER
TRANSFORMATION

In this section, details of the BT are provided to formulate
a partially constrained state and corresponding system dy-
namics. Only the states corresponding to the points on the ob-
ject grasped by the robot are constrained. To constrain part of
the state, the error s̃(t) is represented as s̃(t) = [s̃uc(t), s̃c(t)]
where s̃uc(t) ∈ Rn−l denotes the unconstrained error and
s̃c(t) ∈ Rl denotes constrained error states. Let b : R → R
be a BT defined as

b(s̃ci) = ln
Ai (ai − s̃ci)

ai (Ai − s̃ci)
, ∀i = 1, 2, . . . , l (8)

where ai and Ai are bounds corresponding to the ith error
state such that ai < 0 < Ai. Consider the BT-based con-
strained state, ec(t) ∈ Rl, whose components are computed
as

eci = b (s̃ci) . (9)

The error dynamics of eci are obtained by taking the time
derivative of (9) and applying the chain rule, yielding

ėci = Bi (eci) (Js(b
−1
(ai,Ai)

(eci) + sd, θ)v)i (10)

where Bi(eci) =
(

d(b−1(eci ))

deci

)−1

, and the inverse of (8),
defined on the interval (ai, Ai), is given by

s̃ci = b−1(eci) = aiAi
eeci − 1

aie
eci −Ai

. (11)

The complete error, including the transformed error state,
can be written as e(t) = [s̃uc(t), ec(t)]

T ∈ E ⊂ Rn. Taking
the time derivative of (5) and using (1) and (10) yield the
following error dynamics

ė = B(ec)Js(s, θ)v = J(e, sd, θ)v (12)

where B(ec) = diag
[
I[n−l×n−l], B1(ec1), . . . , Bl(ecl)

]
∈

Rn×n, which using (4) can also be expressed in the following
parametrized form

ė = B(ec)Y(s, v)θ̄. (13)

Remark 1. Constraints on a subset of the state are required
for the VSS task because, during manipulation, the robot end-
effector holding the deformable object may collide with the
environment.

This article has been accepted for publication in IEEE Transactions on Control Systems Technology. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCST.2026.3721045

© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



4

A following lemma is presented to show that the solutions
of the original system (7) and the transformed system (12)
are related through the BT.

Lemma 1. If Φ (t, e(t0), ve(e(t))) is a complete Caratheodory
solution to (12), starting from the initial condition e(t0) =
(s̃uc(t0), ec(t0)), under the feedback policy ve(e, t) and
Λ (t, s̃(t0), v(s̃(t))) is a Caratheodory solution to (7), starting
from the initial condition s̃(t0), under the feedback policy
v(s̃, t), defined as v(s̃, t) = ve(e, t), then Λ (·, s̃(t0), v) is
complete and Λ (t, s̃(t0), v) = b−1 (Φ (t, b (s̃(t0)) , ve)) for
all t ∈ R≥0.

Proof. Proof of the lemma is provided in the Appendix.

IV. DIMENSIONALITY REDUCTION METHOD

In this section, a PCA-based dimensionality reduction
method is described. The dynamics of the reduced feature
state are used in the optimal VSS control design. The state
vector p ∈ Rk, which represents the deformable object’s
configuration, consists of a large number of points and is
reduced to a lower-dimensional state s ∈ Rn using PCA. To
determine the reduced state, np > k different configurations
of the deformable object are collected, and the mean state
vector p̄ is computed as p̄ =

∑np

i=1 pi/np. The mean-centered
data matrix is then constructed as

Pc = [p1 − p̄ p2 − p̄ · · · pnp
− p̄] ∈ Rk×np (14)

where the columns of Pc ∼ D. The covariance matrix
C = 1

(np−1)PcP
T
c is computed and Singular Value Decom-

position (SVD) of C is performed, resulting in C = UΣV T ,
where U ∈ Rk×k, V ∈ Rk×k are orthonormal matrices
whose columns contain the left and right singular vectors,
respectively, and Σ ∈ Rk×k is a diagonal matrix containing
singular values σi ∀i = {1, ..., k}. Using the first n columns
of U denoted by U (n) ∈ Rk×n, the k-dimensional point
vector is projected onto the lower-dimensional feature vector
s ∈ Rn as follows

s = (U (n))T (p− p̄). (15)

The value of n is selected by thresholding the explained
variance Υ, defined as, Υ(n) =

∑n
j=1 σj∑k
j=1 σj

, where σj denotes

jth singular value and, Υ ∈ [0, 1]. Since PCA calculates
features associated with an orthonormal basis, the resulting
features are linearly independent. For controlling m DoF, at
least the same number of independent features are required.

V. CONSTRAINED OPTIMAL SHAPE SERVOING

In this section, the constrained optimal VSS problem is
formulated using a policy iteration RL algorithm. First, an
expression for the optimal controller is provided, followed by
details of the adaptive actor-critic architecture, in which the
critic and actor are approximated using NNs. The parameter
update laws for the deformation model, as well as the update
laws for the actor and critic NNs, are then derived.

A. Optimal Controller

To design an AAC-based optimal controller using the
transformed dynamics in the reduced state space, the perfor-
mance index is defined in terms of the optimal value function
as follows

V ∗(e(t)) = min
u(τ)∈Θ(E)

∫ ∞

t

r(e, u)dτ (16)

where Θ(E) denotes the set of admissible control policies.
Assuming that V ∗(e) is continuously differentiable and sat-
isfies V ∗(0) = 0, it can be shown that V ∗(e) satisfies
the Hamilton-Jacobi-Bellman (HJB) equation. The local cost
r ∈ R is defined as r(e, u) = Q(e)+uTRu, where Q(e) ∈ R
and R ∈ Rm×m are symmetric positive definite matrices.
Using (16), the optimal control policy u∗ ∈ Rm is given by

u∗(e) = −1

2
R−1JT (e, sd, θ)V

∗T
e (17)

where V ∗
e = ∂V ∗

∂e . The optimal Hamiltonian of the system is
defined as

H (e, u∗, V ∗
e ) = V ∗

e J(e, sd, θ)u
∗ + r(e, u∗) = 0 (18)

B. Adaptive Actor-Critic based Approximate Optimal Con-
trol

Since the HJB equation is a partial differential equation,
computing its analytical solution is challenging when the pa-
rameters of the system dynamics θ are unknown. Therefore,
an actor-critic NN structure is employed to approximate the
value function and the control policy [5]. The optimal value
function and optimal control policy are represented by NNs
as follows

V ∗(e(t)) = WT
c ϕ(e) + ϵc(e) (19)

u∗(e) = −1

2
R−1JT (e, sd, θ)

(
ϕ′(e)TWc + ϵ′c(e)

T
)
(20)

where Wc ∈ Rnc×1 is the critic NN weight, ϕ : Rn → Rnc

are the basis functions, ϕ′(e) ∈ R
n(n+1)

2 ×n is the Jacobian of
ϕ with respect to e(t), ϵc(e) ∈ R is the function reconstruc-
tion error. The basis functions are selected to be polynomial
functions ϕ(e) of dimension nc =

n(n+1)
2 , defined as

ϕ(e) = [e21, . . . , e
2
n,e1e2, . . . , e1en,

e2e3, . . . , e2en, . . . , en−1en]
T (21)

In implementable form, the approximated value function
V̂ (e) ∈ R and the approximated optimal control law û(e) ∈
Rm, are represented by

V̂ (e(t)) = ŴT
c ϕ(e) (22)

û(e) = −1

2
R−1JT (e, sd, θ̂)

(
ϕ′(e)T Ŵa

)
(23)

where Ŵc ∈ Rnc×1 and Ŵa ∈ Rna×1 are the estimated
critic and actor weights, respectively, and ˆ̄θ(t) ∈ Rnmd are
the model parameter estimates. To derive the actor and critic
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weight update laws, a residual term δ ∈ R, referred to as
the Bellman error, is computed using the difference between
the optimal and approximated Hamiltonian, H(e, û, V̂e) as
follows

δ = H
(
e, û, V̂e

)
−H (e, u∗, V ∗

e ) = V̂eJ(e, sd, θ̂)û+ r(e, û)

(24)

The actor and critic NN weights are updated using weight
update laws designed to minimize the Bellman error, which
can be expressed in measurable form as follows

δ = ŴT
c ϕ′(e)J(e, sd, θ̂)û+ r(e, û) (25)

C. Critic and Actor NN Weight Update Laws

Noting that δ depends on Ŵc and Ŵa, the following
least-squares based update laws are used. Similar to the
developments in [6], [22], [26], the least-squares update law
for the critic NN weights is given by

˙̂
Wc = proj

(
−γcΓ

w

1 + c1wTΓw
δ

)
(26)

where c1 ∈ R and γc ∈ R are constant gains, and w ∈ Rnc

is defined as follows

w = ϕ′(e)J(e, sd, θ̂)û, (27)

and Γ(t) =
(∫ t

0
w(τ)w(τ)T dτ

)−1

∈ Rnc×nc is a symmetric
estimation gain matrix computed using

Γ̇ = −γcΓ
wwT

1 + c1wTΓw
Γ, Γ(0) = c2I (28)

for a positive constant c2.
A gradient-based update law for the actor NN weights is

designed as follows

˙̂
Wa = proj

(
−γaĴϕ(Ŵa − Ŵc)δ√

1 + wTw
− γa2

(
Ŵa − Ŵc

))
(29)

where γa, γa2 are constant gains and Ĵϕ = ϕ′ĴR−1ĴTϕ′T .

D. Model Parameter Update Law

The update law for model parameter estimate ˆ̄θ(t) is
designed using an ICL-based approach [21] and is given by

˙̄̂
θ(t) =proj

(
γθYTB(ec)

Tϕ′T Ŵc

+Kcl

N∑
i=1

ȲT
i (s(ti)− s(ti −△t)− Ȳj

ˆ̄θ)

)
(30)

where proj(·) denotes a projection operator [35], γθ ∈ R,
Kcl ∈ Rnmd×nmd is a constant positive definite diagonal
gain matrix, ∆t is the integration window and Ȳi is the ith

Y matrix from the history stack integrated over ∆t, defined
as

Ȳ(t) =

∫ t

max{t−△t,0}
Y(s(τ), v(τ))dτ. (31)

The history stack, denoted by{
s (tj) , s (tj −∆t) , Ȳi (tj)

}N
j=1

, is recorded at an

increasing sequence of time instants {tj}Nj=1. A singular
value maximization procedure from [19], [21] is used to
update the history stack.
Remark 2. By using a reduced state vector to implement the
AAC policy iteration controller, the number of parameters in
critic network decreases from k(k+1)

2 to n(n+1)
2 . Similarly,

the number of parameters in the actor network decreases from
k(k+1)

2 to n(n+1)
2 , and the number of parameters required to

learn the deformation model decreases from kmd to nmd.
Since n << k, this reduction is substantial.

Algorithm 1 Constrained Optimal VSS

1: Collect np object configurations and perform PCA using
procedure in Section IV.

2: Initialize parameters θ̂, Ŵc, Ŵa and store sd
3: while ∥e(t)∥ ≥ ϵT , for each iteration i do
4: Compute a reduced state s using PCA
5: Append the BT state using (9) to the state vector
6: Compute shape regulation error e(t) using (5)
7: Compute regressor Yi(s) using (3)
8: Compute B(ec)Y(s, v) (10), construct J(e, sd, θ̂)
9: Compute value and policy basis function ϕ(e), ϕ′(e)

10: Apply û computed using (23)
11: Update ICL history stack using Singular Value Maxi-

mization
12: Update θ̂ using (30)
13: Compute r, δ using (25)
14: Update Ŵc, Ŵa, V̂ using (26), (29), (16)
15: end while

VI. STABILITY ANALYSIS

For the controller presented in Section V, the error system
dynamics, which includes shape regulation error e(t), the
actor and critic weight estimation errors W̃a(t) and W̃c(t)

and the model parameter estimation error ˜̄θ(t), are first
derived. A Lyapunov-based stability analysis is then carried
out to investigate the stability of the closed-loop system.

A. Error Dynamics

To derive the error dynamics of the critic and actor
weights, the following expression for δ is obtained using (24)

δ = ŴT
c ϕ′(e)J(e, sd, θ̂)û+ ûTRû−WT

c ϕ′(e)J(e, sd, θ)u
∗

− u∗TRu∗ − ϵ′cJ(e, sd, θ)u
∗. (32)

Using âRâ− a∗TRa∗ = ãTRã− 2ãTRa∗ for −u∗TRu∗ +
ûTRû, δ can be written as

δ = −W̃T
c w −WT

c ϕ′J̃ ũ− ϵ′cJu
∗ +

1

4
W̃T

a JϕW̃a

− 1

2
W̃T

a JϕWc +
1

4
ŴT

a J̃ϕŴa −
1

2
ŴT

a J̃aϕŴa

− 1

4
ϵ′cJrϵ

′T
c − 1

2
ϵ′Tc Jrϕ

′TWc (33)
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where ũ = u∗ − û, J̃ = J − Ĵ , Jϕ = ϕ′JR−1JTϕ′T , Jr =
JR−1JT , J̃aϕ = ϕ′JR−1J̃Tϕ′T , J̃ϕ = ϕ′J̃R−1J̃Tϕ′T .

a) Actor NN weight error: Consider the actor NN
weight estimation error, defined as W̃a = Wa − Ŵa. Taking
the time derivative of W̃a(t) and substituting (29) yield

˙̃Wa =
γaĴϕ(Ŵa − Ŵc)δ√

1 + wTw
+ γa2

(
Ŵa − Ŵc

)
=C1Ĵϕ

(
Ŵa − Ŵc

)
δ − γa2W̃a + γa2W̃c (34)

where C1 = γa√
1+wTw

.

b) Critic NN weight error: Consider the critic NN
weight estimation error W̃c = Wc − Ŵc. Taking the time
derivative of W̃c(t) and substituting (26) and (33) yield

˙̃Wc = −γcΓξξ
T W̃c + γcΩ

(
−WT

c ϕ′J̃ ũ− ϵ′cJu
∗

+
1

4
W̃T

a JϕW̃a −
1

2
W̃T

a JϕWc +
1

4
ŴT

a J̃ϕŴa

−1

2
ŴT

a J̃aϕŴa −
1

4
ϵ′cJrϵ

′T
c − 1

2
ϵ′Tc Jrϕ

′TWc

)
(35)

where ξ = w√
1+c1wTΓw

, and Ω = Γ w
1+c1wTΓw

.

Assumption 5. The normalized critic regressor ξ =
w√

1+c1wTΓw
is bounded and persistently exciting (PE), i.e.,

µaI ≤
∫ t0+T

t0

ξ(τ)ξT (τ)dτ ≤ µbI, ∀t0 > 0 (36)

where µa, µb, T are positive constants [6].

Under Assumption (5), the nominal system defined by
the first term of (35) is globally exponentially stable. By
the converse Lyapunov Theorem, there exists a Lyapunov
function Vwc

(
t, W̃c

)
with the following properties

γ1

∥∥∥W̃c

∥∥∥2 ≤ Vwc

(
t, W̃c

)
≤ γ2

∥∥∥W̃c

∥∥∥2
∂Vwc

∂t
+

∂Vwc

∂W̃c

(
−γcΓξξ

T W̃c

)
≤ −η1

∥∥∥W̃c

∥∥∥2∥∥∥∥∂Vwc

∂W̃c

∥∥∥∥ ≤ γ̄
∥∥∥W̃c

∥∥∥ (37)

where γ1, γ2, η1, γ̄ ∈ R+.
c) Model parameter error: The model parameter esti-

mation error dynamics ˜̄θ(t) are derived using s(t) − s(t −
△t) = Ȳ(t)θ̄ [19] and (30), yielding

˙̄̃
θ = −γθYTB(ec)

Tϕ′T Ŵc −Kcl

N∑
i=1

ȲT
i Ȳi

˜̄θ (38)

Assumption 6. The system in (1) is sufficiently exciting over
a finite time interval. Specifically, ∃δ > 0, ∃T > ∆t :

∀t ≥ T , λmin

{∑N
i=1 ȲT

i Ȳi

}
> δ, where λmin denotes the

minimum eigenvalue of the matrix.

For the stability result presented in the following Theorem,
the following bounds are defined

∥1
4
ϵ′cJrϵ

′T
c +

1

4
WT

c JϕWc +
1

2
ϵ′cJrϕ

′TWc

−1

2
ϵ′cJraϕ

′T Ŵa −
1

2
WT

c ĴϕŴa + W̃T
c ϕ′J̃ û∥ ≤ κ1 (39)

∥1
2
WT

c Jϕ∥ ≤ κ2, ∥1
4
W̃T

a JϕW̃a∥ ≤ κ3,

w =
∥∥∥Ĵϕ(Ŵa − Ŵc)

∥∥∥ (40)

∥ −WT
c ϕ′J̃ ũ− ϵ′cJu

∗ − 1

4
ϵ′cJrϵ

′T
c − 1

2
ϵ
′T
c Jrϕ

′TWc

+
1

4
ŴT

a J̃ϕŴa −
1

2
ŴT

a J̃aϕŴa∥ ≤ κ4 (41)

where κ1, κ2, κ3, κ4 and w̄ are constants and Jra =
JR−1ĴT .

Theorem 1. Given that Assumptions 1-6 hold and the fol-
lowing sufficient condition is satisfied

γa2 − γaκ2w̄ > 0 (42)

the adaptive actor-critic controller in (23), along with the
model parameter update law in (30) and the critic and actor
weight update laws in (26)-(28) and (29), guarantees that
the signals e(t), s̃, ˜̄θ(t), W̃a(t), and W̃c(t) are uniformly
ultimately bounded.

Proof. Consider a positive definite continuously differen-
tiable Lyapunov function V : E × Rnc × Rna × Rnmd ×
[0,∞) → R+

V (e, W̃c, W̃a,
˜̄θ, t) = V ∗(t) + Vwc

(
t, W̃c

)
+

1

2
W̃T

a W̃a +
1

2γθ
˜̄θT ˜̄θ (43)

where V ∗(t) is the optimal value function, Vwc is the
Lyapunov function defined in (37), and γθ ∈ R+. Since the
optimal value function V ∗(t) is continuously differentiable
and positive definite, there exist class-K functions α1(·) and
α2(·) such that α1(∥e∥) ≤ V ∗(t) ≤ α2(∥e∥),∀e ∈ Be ⊂ E .

Let’s define z(t) =
[
e(t)T , W̃c(t)

T , W̃a(t)
T , ˜̄θ(t)T

]T
∈

Rn+nc+na+nmd. Based on the bounds on V ∗(t), the follow-
ing bounds can be derived

α3(∥z∥) ≤ V
(
e, W̃c, W̃a,

˜̄θ, t
)
≤ α4(∥z∥) ∀e ∈ Be (44)

where α3(·) and α4(·) are class-K functions. Taking the time
derivative of (43), adding and subtracting V ∗

e J(sd, e, θ)u
∗,

using V ∗
e J(sd, e, θ) = −2u∗TR and V ∗

e J(sd, e, θ)u
∗ =

−Q(e)− u∗TRu∗, and substituting u∗ and û from (20) and
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(23), respectively, and
˙̄̃
θ from (38), the following expression

for V̇ is obtained

V̇z = −Q(e) +
1

4
ϵ′cJrϵ

′T
c +

1

4
WT

c JϕWc +
1

2
ϵ′cJrϕ

′TWc

− 1

2
WT

c ϕ′JR−1ĴTϕ′T Ŵa −
1

2
ϵ′cJR

−1ĴTϕ′T Ŵa + V̇wc

+ W̃T
a

˙̃Wa − ˜̄θTYTB(ec)
Tϕ′T Ŵc − kcl

˜̄θT
N∑
i=1

ȲT
i Ȳi

˜̄θ

Adding and subtracting WT
c ϕ′Ĵ û and ŴT

c ϕ′J̃ û, and using
− 1

2W
T
c ϕ′TJR−1ĴTϕ′T Ŵa = WT

c ϕ′TJû the following ex-
pression is obtained.

V̇ =−Q(e) +
1

4
ϵ′cJrϵ

′T
c +

1

4
WT

c JϕWc +
1

2
ϵ′cJrϕ

′TWc

− 1

2
ϵ
′

cJR
−1ĴTϕ

′T Ŵa + W̃T
c ϕ

′
J̃ û+ Ŵcϕ

′
J̃ û

+WT
c ϕ′Ĵ û+ V̇wc − W̃T

a
˙̂
Wa − ˜̄θTYTB(ec)

Tϕ′T Ŵc

− kcl
˜̄θT

N∑
i=1

ȲT
i Ȳi

˜̄θ (45)

Using ŴT
c ϕ′J̃ û = ŴT

c ϕ′B(ec)Y ˜̄θ and canceling the result-
ing terms yields

V̇ =−Q(e) +
1

4
ϵ′cJrϵ

′T
c +

1

4
WT

c JϕWc +
1

2
ϵ′cJrϕ

′TWc

− 1

2
ϵ′cJR

−1ĴTϕ′T Ŵa + W̃T
c ϕ′J̃ û+WT

c ϕ′Ĵ û

+ V̇wc − W̃T
a

˙̂
Wa − kcl

˜̄θT
N∑
i=1

ȲT
i Ȳi

˜̄θ (46)

The expression for V̇ can be further simplified by substituting
(34), using the bounds on Lyapunov function Vwc from (37),
and utilizing WT

c ϕ′Ĵ û = − 1
2W

T
c ĴϕWc +

1
2W

T
c ĴϕW̃a

V̇ ≤ −Q(e)− η1

∥∥∥W̃c

∥∥∥2 − γa2∥W̃a∥2 +
1

4
ϵ′cJrϵ

′T
c

+
1

4
WT

c JϕWc +
1

2
ϵ′cJrϕ

′TWc −
1

2
ϵ′cJraϕ

′T Ŵa

+ W̃T
c ϕ′J̃ û− 1

2
WT

c ĴϕŴa + γcΩγ̄
∥∥∥W̃c

∥∥∥(−WT
c ϕ′J̃ ũ

− ϵ′cJu
∗ +

1

4
W̃T

a JϕW̃a −
1

2
W̃T

a JϕWc +
1

4
ŴT

a J̃ϕŴa

−1

2
ŴT

a J̃aϕŴa −
1

4
ϵ′cJrϵ

′T
c − 1

2
ϵ′Tc Jrϕ

′TWc

)
+ γa2W̃

T
a W̃c + C1W̃

T
a

(
Ĵϕ

(
Ŵa − Ŵc

))
δ

− kcl
˜̄θT

N∑
i=1

ȲT
i Ȳi

˜̄θ (47)

Utilizing the bounds in (39)-(41), using |C1| ≤ γa, and

completing the squares, V̇ can be upper bounded as

V̇ ≤ −Q(e)− (1− θ1) η1

∥∥∥W̃c

∥∥∥2
− (1− θ1) (γa2 − γcκ2w̄)

∥∥∥W̃a

∥∥∥2 − σ1∥ ˜̄θ∥2 (48)

+ κ1 + (C1 (κ4 + κ3) w̄)
∥∥∥W̃a

∥∥∥+ (γ̄(κ4 + κ3))
∥∥∥W̃c

∥∥∥
where η2 = γa2 − γaκ2w̄, σ1 = kclλmin

(∑m
i=1 ȲT

i Ȳi

)
, 1−

θ1 > 0. The final bound on V̇ can be derived as

V̇ ≤ −Q(e)− (1− θ1 − θ2) η1

∥∥∥W̃c

∥∥∥2
− (1− θ1 − θ2) η2

∥∥∥W̃a

∥∥∥2 − σ1∥ ˜̄θ∥2 + κ1 (49)

+
(γ̄(κ4 + κ3))

2

4 (1− θ1 − θ2) η1
+

(C1 (κ4 + κ3) w̄)
2

4 (1− θ1 − θ2) η2

where 1−θ1−θ2 > 0. Since Q(e) is positive definite, Lemma
4.3 of [36] can be invoked to derive

α5(∥z∥) ≤ Q+ (1− θ1 − θ2) η1

∥∥∥W̃c

∥∥∥2 + σ1∥ ˜̄θ∥2

+ (1− θ1 − θ2) η2

∥∥∥W̃a

∥∥∥2 ≤ α6(∥z∥) (50)

where α5(·) and α6(·) are class-K functions. Using (50), the
expression can be upper bounded as

V̇ ≤ −α5(∥z∥) + κ1 +
(γ̄(κ4 + κ3))

2

4 (1− θ1 − θ2) η1

+
(C1 (κ4 + κ3) w̄)

2

4 (1− θ1 − θ2) η2
(51)

which proves that V̇ ≤ 0, whenever z(t) is outside the
compact set

Ω̄ =

{
z : ∥z∥ ≤ α−1

5

(
κ1 +

(γ̄(κ4 + κ3))
2

4 (1− θ1 − θ2) η1

+
(C1 (κ4 + κ3) w̄)

2

4 (1− θ1 − θ2) η2

)}
(52)

Invoking Theorem 4.18 of [36], it follows that ∥z∥ is uni-
formly ultimately bounded (UUB). Consequently, the BT-
VSS error satisfies ∥e(t)∥ ≤ ϵe for some ϵe ∈ R+. Since the
BT in (8) is smooth and invertible, the reduced-dimensional
error also satisfies ∥s̃∥ ≤ ϵs, for some ϵs ∈ R+ [37].

Corollary 1. The bound on error E [∥pc − pdc∥], where
pc(t), pdc ∼ D denote the mean-centered current state and
desired states, respectively, decreases as the number of PCA
features increases, provided that the PCA-BT-AAC controller
guarantees ∥s− sd∥ ≤ ϵs.

Proof. Let ∥p − pd∥ = ∥pc − pdc∥ denote the norm of the
total configuration error of the object, which can be written
as

pc − pdc = U (n)U (n)T (pc − pdc) + Up (pc − pdc)
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where Up = I − U (n)U (n)T . Using (5), (15), and the
Pythagorean theorem yields

∥pc − pdc∥2 = ∥U (n)s̃∥2 + ∥Up (pc − pdc) ∥2 (53)

Based on the development shown in Appendix B

E[∥Up (pc − pdc) ∥2] =
k∑

i=n+1

σi + ϵpd (54)

where ϵpd = ∥Uppdc∥2, and σi denote the ith singular value
of the PCA data matrix C computed in Section IV. Using the
deterministic bound on ∥s̃∥ gives E[∥U (n)s̃∥2] = E[∥s̃∥2] ≤
ϵ2s. Taking the expectation of (53) yields

E[∥pc − pdc∥2] ≤ ϵ2s +

k∑
i=n+1

σi + ϵpd (55)

Using Jensen’s inequality E[∥pc − pdc∥]2 ≤ E[∥pc − pdc∥2],
which leads to the following bound

E[∥pc − pdc∥] ≤

(
ϵ2s +

k∑
i=n+1

σi + ϵpd

)1/2

(56)

Thus, the shape error of the full state vector pc(t) − pdc
remains bounded.

Remark 3. The ultimate bound on ∥z∥ can be reduced by
appropriately choosing the gains γa2, γc, and by increasing
the number of neurons in the NN, thereby reducing the
function approximation errors of the actor and critic NNs.

VII. SIMULATIONS

A. Simulation Setup

The PCA-BT-AAC algorithm is evaluated on a cloth object
in the NVIDIA Flex simulator. The controller is implemented
in C++ and executed on an Alienware Intel-i7 desktop with
32-GB RAM and an NVIDIA GeForce RTX 2080 GPU. A
subset of points is sampled symmetrically from the edges and
central region of the cloth, based on its size, to accurately
capture the shape and deformation. One corner of the cloth
is fixed to a surface, while a rigid cube is attached to another
corner to simulate a firm grasp by a robot end-effector. The
control velocity is applied to the rigid cube at 60Hz.

To compute the reduced feature set using PCA, predefined
constant velocity motions are applied to the cloth in all
directions and np = 700 object configuration vectors p ∈ R27

are stored in a data matrix P . For the deformation-Jacobian
model, a total of d = 10 Fourier basis functions are used.
The weights ωk ∈ Rn, for k = {1, . . . , d} are initialized
according to ωk ∼ N (0, In), and τ = 1. The initial critic
and actor NN weight estimates Ŵc(t0), Ŵa(t0), and model
parameter estimates ˆ̄θ(t0) are selected as 3Inc

, 4Ina
and

4Inmd, respectively.
For all the simulations, the ICL integration window and

history stack size are selected as ∆t = 0.5s and N =
70 ≥ dm, respectively. The ICL history stack is initialized

Figure 1: Simulation of VSS (a) Diagonal cloth folding, (b)
Horizontal cloth folding, (c) Cloth manipulation to a complex
desired shape

by collecting the velocities applied to the rigid cube and
the corresponding cloth configurations represented by the
reduced feature set s(t).

B. Simulation 1: Shape Servoing on Various Desired Con-
figurations

In this simulation, the PCA-BT-AAC controller is imple-
mented for three different desired configurations, folds across
horizontal and diagonal axes and a complex configuration.
The purpose of this simulation is to test whether the PCA-BT-
AAC controller can achieve different desired configurations.
One simulation is conducted per desired configuration. The
results of the VSS implementation are shown in Fig. 1 as a
sequence of starting, intermediate and final configurations.
For the horizontal and diagonal fold configurations, one
end of the cloth is fixed and the other end of the cloth is
manipulated using a robot. For the complex configuration,
the cloth has no points fixed to the surface and requires a
pulling motion while ensuring the control point’s safety.

The PCA-BT-AAC controller is implemented using the
quadratic local cost r(e, u) = eTQe + uTRu, where Q =
1In×n, R = 50In×n, and n = dim(s). The lower and upper
bounds for BT are chosen as a = −0.04 and A = 0.1 such
that the control point always stays above the highest point of
the object. The controller parameters for PCA-BT-AAC are
selected to be γθ = 0.5, Kcl = 500, γa = 0.001, γa2 = 0.1,
γc = 1, c1 = 3, and c2 = 50. The VSS is able to successfully
achieve the cloth’s desired configuration in all three cases
without violating any constraints.

C. Simulation 2: Shape Servoing on Same Object Size with
Different Reduced State Dimension

This simulation is conducted to evaluate the controller’s
performance as the number of retained PCA features varies
while the cloth size remains fixed. Increasing the number
of PCA features increases the computational complexity of
the algorithm. Therefore, the trade-off between dimensional-
ity reduction, which reduces computational complexity, and
controller’s performance, as measured by the steady state
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Table I: Performance metrics for varying PCA state.

Υ dim
Mean RMSE (m)

∥p− pd∥
Residual error (m)

∥(I − U(n)U(n)T )(p− pd)∥ Total # of Computation time
of s Diagonal Horizontal Diagonal Horizontal parameters per iteration (ms)

0.89 3 0.1474 0.1629 0.0349 0.0272 132 1.8863
0.93 4 0.1300 0.2086 0.0248 0.0215 170 1.9279
0.96 5 0.1150 0.1753 0.0092 0.0145 210 1.9371

0.976 6 0.1228 0.1692 0.0090 0.0121 252 1.9554
0.98 7 0.1159 0.1685 0.0074 0.0094 296 1.9852

No PCA 27 0.1034 0.1532 0 0 900 3.205

error, is studied. A cloth of size 0.3048× 0.3048m2 is used
to perform 50 simulation trials for each of the diagonal
and horizontal fold desired configurations using different
number of PCA features. In each simulation trial, the initial
configuration is varied by uniformly sampling the control
point’s position, and the same initial configuration is used
across all PCA feature dimensions. The reduced sets of
PCA features are computed from the cloth configuration data
matrix for n = {3, 4, 5, 6, 7} retained features, corresponding
to different levels of explained variance.

The following controller parameters are chosen for all
simulations. The local cost is defined using Q = 1In×n,
and R = 50In×n. The controller parameters are selected as
γθ = 0.5, γc = 1, γa = 0.001, γa2 = 0.1, kcl = 50, c1 = 3,
and c2 = 50. The lower and upper bounds on the control
point height are selected as a = −0.1, and A = 0.15,
respectively.

The results of Table I show that as the PCA state dimension
increases, the residual shape error decreases because a large
proportion of the variance is explained, thereby improving
the expressiveness of the reduced-order shape representation.
However, this improvement is not reflected in the mean
RMSE, which remains largely unchanged once the dominant
modes have been captured. This is expected because the
ultimate bound given in (52) depends on several factors in-
cluding, the NN weights, state dimension, model parameters,
and the NN gains. Reducing the PCA dimension decreases
the total number of parameters that must be updated online
by the controller (Remark 2), thereby decreasing the com-
putation time as show in Table I. The last row shows the
controller’s performance when it is applied directly to the
full-dimensional state, p ∈ R27, without PCA. The mean
RMSE obtained using the reduced-dimensional states is of
the same order as that of the full-dimensional state, demon-
strating the advantage of PCA in reducing computational cost
while maintaining similar controller performance.

D. Simulation 3: Shape Servoing on Varying Object Size

To evaluate the effectiveness of dimensionality reduction
for different cloth sizes, one cloth folding simulation trial
is conducted for each of four cloth sizes and for each of
two desired configurations: folds along the diagonal and
horizontal axes. The results demonstrate how the algorithm
scales to objects of different sizes when a similar num-
ber of PCA feature is retained, i.e., when algorithms with

Table II: Performance metrics for varying cloth sizes.
Cloth size dim dim Normalized steady-state error Ts (s)

(m2) of p of s Diagonal Horizontal Diagonal Horizontal
0.30482 9 5 0.3056 0.2336 8.2 10.3
0.60962 17 5 0.3059 0.0896 14.1 20.2
0.91442 29 6 0.2053 0.1529 42.4 45.2
1.21922 41 6 0.2052 0.2139 27.8 25.0

comparable computational complexity are used. A total of
p = {9, 17, 29, 41} points are sampled symmetrically from
the edges and central region of the square cloths with areas
of 0.0929, 0.3716, 0.8361 and 1.4864 m2, respectively. The
number of retained PCA features is selected to achieve 95%
explained variance, which results in 5 or 6 retained features,
corresponding to a total of 210 and 252 total parameters,
respectively.

The PCA-BT-AAC controller is implemented using Q =
1In×n, and R = 50In×n, where n = dim(s). The controller
parameters are selected as γθ = 0.7, γa = 0.001, γa2 =
0.1, γc = 1, c1 = 3, c2 = 50, and the bounds for BT are
chosen as a = −0.3 and A = 0.5 to ensure that the control
point remains above the table surface. For ICL, the gains
are selected as Kcl = 25 for the first two cloth sizes, and
Kcl = 50, and Kcl = 100 for other two cloth sizes.

The controller is evaluated for two desired configurations
using two performance metrics, steady-state shape error nor-
malized with area of the cloth, and the convergence time
Ts. The convergence time is computed as time taken to
reduce the error to within 95% of the initial error. The results
are reported in Table II and show that, with the reduced
feature set, the final shape servoing error remains bounded
and is of the same order of magnitude for all cloth sizes.
The time required to achieve the desired shape also remains
within a reasonable threshold. These results indicate that
the algorithm scales to larger object sizes while maintaining
similar computational complexity, as indicated by the number
of parameters required to implement the algorithm.

E. Simulation 4: Controller Performance Comparison for
Shape Servoing

The simulation is conducted to compare the performance
of the PCA-BT-AAC controller with that of two other
controllers: a model-inversion-based controller, which is
designed neither to minimize a performance criterion nor
to enforce state constraints, and the PCA-AAC controller,

This article has been accepted for publication in IEEE Transactions on Control Systems Technology. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCST.2026.3721045

© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



10

(a) (b) (c)

Figure 2: Performance comparison for randomly generated initial and desired configuration of PCA-BT-AAC, PCA-AAC,
and a model-inversion controllers: (a) Control point height error, (b) Evolution of the value function, (c) End-effector velocity
norm

PCA_BT_AAC PCA_AAC Model_inversion

R
M
S
E

0.5

0.6

0.7

0.8

*** (p=1.87e-06)
*** (p=9.59e-10)

*** (p=9.59e-10)

Figure 3: RMSE of (a) PCA-BT-AAC (b) PCA-AAC (C)
Model-inversion controller and p-values computed using one-
way repeated measures ANOVA, where statistically signifi-
cant differences (p < 0.05) are denoted by ***

which is an optimal controller without state constraints. The
controllers are compared in terms of their optimality with
respect to a performance criterion and their ability to maintain
part of the state within bounds. A 0.6096× 0.6096m2 cloth
is used to conduct 30 simulations with randomly generated
initial configurations and a randomly generated reachable
desired configuration. To generate a random but feasible
desired configuration, a sequence of user-defined velocities is
applied to the grasped point from a randomly chosen initial
configuration. The grasped point is then further displaced by
a vector uniformly sampled from a ball of radius 3cm to
generate random initial configurations. For each simulation,
the same randomly generated initial position of the grasped
point is used for all controllers, resulting in similar initial
cloth configurations across the controllers.

The parameters for the PCA-BT-AAC controller are se-
lected as Q = 1I6×6, R = 20I6×6, γθ = 0.5, Kcl = 10,
γa = 0.001, γa2 = 0.1, γc = 1, c1 = 3, and c2 = 50. The
BT bounds are chosen as a = −0.175 and A = 0.25. For the
PCA-AAC controller, the same gains as those used for the
PCA-BT-AAC controller are used. For the model-inversion
based controller, the gain is selected as αp = 0.1, and the
gains for model adaptation using ICL are selected to be the
same as those used for the PCA-BT-AAC controller.

The performance comparison of the controllers is shown

in Figs. 2a, 2b, 2c, and 3. As shown in Fig. 2a, only
the PCA-BT-AAC controller ensures that the control-point
position remains within the bounds. Fig. 2c shows the control
velocities generated by the three controllers. The controllers
with PCA-AAC components exhibit smaller peak control
velocities because they minimize the performance criterion
that includes control velocities. From Fig. 2b, it is observed
that the final value of the value function, computed in the
reduced state dimension, is smallest for the PCA-BT-AAC
controller compared to the other two controllers. This shows
that the PCA-BT-AAC controller is optimal with respect to
the selected cost. From the results shown in Fig. 3, it can
be observed that the PCA-BT-AAC controller achieves the
lowest RMSE, followed by PCA-AAC controller and model-
inversion based controller. The statistical significance of the
RMSE values across multiple simulations is evaluated using
a one-way repeated-measures analysis of variance (ANOVA)
test, with the p-values shown in Fig. 3. Since the pairwise p-
values are less than 0.05, the ANOVA test indicates that there
is a statistically significant difference among the RMSEs of
the three controllers.

Figure 4: Experimental setup for visual shape servoing. Red
denotes X, Green denotes Y and Blue denotes Z axes.

VIII. EXPERIMENT

In this section, the experimental results of the PCA-BT-
AAC controller applied to a cloth folding task are pre-
sented. The experimental setup, shown in Fig. 4, consists
of an Intel RealSense D435i camera and an ABB IRB-120
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Figure 5: Experimental results of VSS showing initial, inter-
mediate, and final (desired) configurations of the cloth, where
green points show the desired configuration and blue points
show the current configuration of the cloth

Figure 6: Results for the cloth folding experiment: (a) Shape
error norm (b) Control point height error

robot equipped with a Schunk gripper to manipulate the
cloth. Let FC , FB , and FO denote the reference frames
attached to the camera, robot base, and object, respectively.
A 0.3048 × 0.3048m2 cloth, placed horizontally on a table,
is used as the deformable object. One end of the cloth is
fixed, while the other end is firmly grasped by the robot
gripper. A shape estimation algorithm called Constrained
Deformable Coherent Point Drift (CDCPD) [38] is used
to estimate the positions of points on the cloth in FC ,
which are then transformed to the FO frame using OTC .
Shape estimation algorithms such as those presented in [39],
[40] can also be used for shape tracking purposes. For the
experiment, a cloth of the same size as the one in the
simulation is used. The reduced feature set computed from
the simulation data is used in the experiment. The ICL
history stack is initialized using simulation data collected
from a cloth with the same dimensions and similar material
properties. The evolution of the diagonal cloth-folding task
is shown in Fig. 5 with the controller operating at 30 fps.
A total of 60 diagonal folding experiments are conducted,
each starting from a similar initial configuration and ending
at the same desired final configuration. In each experiment,
the cloth configuration estimation algorithm introduces noise
due to several environmental factors such as lighting con-
ditions, intrinsic and extrinsic calibration errors, and sensor
noise. The PCA-BT-AAC controller is implemented using

Figure 7: Evolution of the Value function for cloth folding
experiment.

Figure 8: End-effector velocity for cloth folding task.

the following parameters: R = 50I6×6 and Q = 1I6×6,
γθ = 0.1, Kcl = 25, γa = 0.001, γa2 = 0.1, γc = 1,
c1 = 3, and c2 = 50. The bounds for BT are chosen as
a = −0.1, and A = 0.1. A cloth folded along the diagonal
is used as the desired configuration. In Fig. 6a, the average
2-norm of the shape error over all experiments and shape
error norm for each individual experiment, are shown. The
average shape error norm converges close to zero. The control
point position remains within the prescribed bounds, as seen
from its average position shown in Fig. 6b. The average
value function and average control velocities are shown in
Figs. 7 and 8, respectively. Due to measurement noise and
configuration estimation errors, the average control point
position and control velocities converge around zero with
small oscillations, as shown in Figs. 6b and 8, respectively.

IX. CONCLUSION

In this paper, a constrained AAC reinforcement learning
controller for VSS is developed. A Fourier-based regression
method, along with an ICL-based parameter update law,
is used to estimate the deformation Jacobian in real time.
A BT method is used to encode constraints on a partial
state, thereby guaranteeing that the constraints on the control
point position are satisfied. To reduce the model complexity
associated with the large state space of the deformable object
and improve computational efficiency, the constrained AAC
controller is developed using a reduced-dimensional state
obtained via PCA. Lyapunov analysis shows that the closed-
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loop error signals are UUB and that the state constraints are
satisfied. The PCA-BT-AAC controller for VSS is evaluated
for a cloth folding experiment through simulations with
various desired configurations and multiple experiments. The
simulation results verify that the PCA-BT-AAC controller
achieves comparable error performance in the reduced state
while requiring less computation than a controller imple-
mented on a full state representation. In addition, by using a
reduced-dimensional representation, the PCA-BT-AAC con-
troller effectively scales to shape servoing tasks involving
cloths of various sizes and different desired configurations.
Monte Carlo experimental runs demonstrate the effectiveness
of the PCA-BT-AAC controller in handling sensor noise
and shape estimation errors when implemented on an ABB
IRB120 robot equipped with an Intel RealSense camera.

APPENDIX

A. Proof of Lemma 1
Proof. Note that since Φ (t, e(t0) = b (s̃(t0)) , ve) is a com-
plete Caratheodory solution to ė = J(s, e)ve(e, t), it is
differentiable at almost all t ∈ R≥0. Since b−1 is a smooth
map, b−1 (Φ (t, b (s̃(t0)) , ve)) is also differentiable at almost
all t ∈ R≥0. That is,

d
(
b−1 ◦ Φi

)
dt

(
t, b
(
s̃0
)
, ve
)

=
db−1

(ai,Ai)
(y)

dy

∣∣∣∣∣
y=Φi(t,b(s̃0),ve)

dΦi

dt

(
t, b
(
s̃0
)
, ve
)
, (57)

for almost all t ∈ R≥0 and all i = 1, · · · , n, where Φi

denotes the ith component of Φ. As a result,

d
(
b−1 ◦ Φi

)
dt

(
t, b
(
s̃0
)
, ve
)

=

(
J
(
Φ
(
t, b
(
s̃0
)
, ve
)))

i
ζ
(
Φ
(
t, b
(
s̃0
)
, ve
)
, t
)

Bi (Φi (t, b (s̃0) , ve))
, (58)

for almost all t ∈ R≥0 and all i = 1, . . . , n. By the
construction of J , and v,

d
(
b−1 ◦ Φ

)
dt

(
t, b
(
s̃0
)
, ve
)

=Js
(
s, b−1 ◦ Φ

(
t, b
(
s̃0
)
, ve
))

v
(
s, b−1 ◦ Φ

(
t, b
(
s̃0
)
, ve
)
, t
)
, (59)

for almost all t ∈ R≥0. Clearly b−1 ◦ Φ
(
t, b
(
s̃0
)
, ve
)

is
a Caratheodory solution of (7) on R≥0, starting from the
initial condition b−1

(
b
(
s̃0
))

= s̃0 under the feedback policy
v(s̃, t). Using the local Lipschitz continuity assumption of
J and b inside the barrier region, the solution Λ

(
·, s̃0, ξ

)
to ˙̃s = Js(s)v(s, s̃, t) is complete and Λ

(
t, s̃0, v

)
=

b−1
(
Φ
(
t, b
(
s̃0
)
, ve
))

for all t ∈ R≥0.

B. Derivation of the PCA Bound
Consider the term in the LHS of (54)

E
[
∥Up(pc − pdc)∥2

]
=E

[
∥Uppc∥2

]
+ E

[
∥Uppdc∥2

]
− 2E[pTc Uppdc] (60)

where Up = I − U (n)U (n)T . The following expressions can
be derived

E
[
∥Uppc∥2

]
=

k∑
i=n+1

σi (61)

where pc ∼ D, i.e., pc is from the distribution of the data
collected for PCA. The bound is known as the residual bound
of the PCA [41]. Since pdc is a deterministic vector

E
[
∥Uppdc∥2

]
= ∥Uppdc∥2 = ϵpd (62)

The bound on the cross term of (60) can be derived as

E[pTc Uppdc] = E[tr
(
Uppdcp

T
c

)
] = tr

(
UpE[

(
pdcp

T
c

)
]
)

= tr
(
UppdcE[

(
pTc
)
]
)

(63)

where the fact that pdc is deterministic is used. Since pc
is sampled from the mean-centered distribution of PCA as
shown in Section IV, E [pc] = 0 leading to

E[pTc Uppdc] = 0 (64)
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