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Model Estimation and Barrier Lyapunov Function
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Abstract—An adaptive shape servoing control method is
presented in this article to manipulate a deformable object
into a desired shape in 3-D. A finite-point-based represen-
tation of the deformable object is used and the deformation
Jacobian matrix is approximated using Fourier series ba-
sis functions. The unknown parameters of the deformation
Jacobian are learned by using the velocity applied to a
control point on the object and corresponding change of
positions of the points describing the entire object. An inte-
gral concurrent learning (ICL)-based parameter update law
is designed along with a constrained controller to satisfy
the state constraints on the motion of the control point
using Barrier Lyapunov function analysis. ICL-based pa-
rameter update law uses data history of velocity and cor-
responding positions of the points along with their current
values. An efficient algorithm to update the history stack
using singular value maximization is proposed based on
the structure of the regressor matrix. Simulations using a
physical simulator and experiments using a robot platform
are performed to validate the performance of the proposed
controller on two different deformable objects.

Index Terms—Barrier Lyapunov function (BLF)-based
constrained control, deformable objects modeling, integral
concurrent learning (ICL) parameter estimation, shape ser-
voing.

I. INTRODUCTION

D EFORMABLE objects are commonly found in robotic
applications, e.g., in industrial settings, medical robotics,

space robotics, and agricultural robotics [1], [2], [3], [4]. They
are categorized based on the significant dimension into 1-D
deformable objects called deformable linear objects, 2-D de-
formable objects, such as cloth like objects, and volumetric
objects [5]. Manipulating deformable objects to a desired shape
measured by an external camera sensor is termed as Shape
Servoing [6], [7]. Shape servoing is difficult due to many tech-
nical challenges present in deformation modeling, perception
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of deformable object’s shape and design of control methods for
real-time manipulation of the shape [5]. Shape servoing is useful
for many tasks, such as robotic automation of food process-
ing, manipulation of soft tissues, folding/unfolding cloths, and
manipulating and routing cables. There are several approaches
developed in the literature for the shape servoing problem,
but physical constraint satisfaction while the deformation is in
process is not considered. For example, while folding a cloth
placed on a table all the points on the cloth should remain
above the table surface and transient motions that will take
points below the table surface should be avoided. This article
presents a shape servoing controller to achieve the objectives of
shape matching and physical constraint satisfaction, where the
deformation model parameters are updated in real-time as new
data becomes available. A Barrier Lyapunov function (BLF)
approach [8] is used to design a controller that satisfies the
constraints. The deformation model parameters are estimated
using an integral concurrent learning (ICL) parameter estimation
law developed in [9].

A. Object Representation

For shape control of the deformable objects, point-based
representation is commonly used, where the object is represented
as a collection of points on the object [10]. The shape servoing
task then becomes that of matching the current positions of the
points on the deformable object to the positions of the point at the
desired configuration. Object shape described by the contours
measured from the images have also been studied in literature,
for example, [6], [11], [12]. The contours are represented using
a truncated Fourier series in [6], Bezier curve in [12], B-splines
in [13], nonuniform rational B-spline (NURBS) in [11], and
using geometric strain-based representation in [14]. These meth-
ods require contour estimation in the images, which is often a
challenging task. A lattice-based representation is utilized for
volumetric objects in [15], which uses geometric constraints to
bound the lattice to the object in 3-D. Other representations of
the flexible object shape are also developed in terms of extended
objects using a collection of ellipses or image moment features,
see [16], [17], [18].

B. Deformation Modeling and Control

A deformation model is used to design feedback controllers
for servoing the robot such that the desired shape of the de-
formable object is achieved. The deformation model provides a
relationship between the change in the features’ positions as a
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function of the external velocity input provided to a point (termed
as a control point) or in a small region of the deformable object.
Estimating a global deformation model of the entire shape is a
challenging problem due to high dimensional representation of
deformable objects. There are different methods used to repre-
sent the object deformation: physics-based methods, geometric
methods, and data driven methods.

Physics-based methods use physical/mechanical properties
and motion models of the objects to predict the object’s shape by
solving the equations of motion. Finite element method (FEM)
models are widely used mechanical models [19], [20], [21]. An
open-loop control with FEM simulations of the soft object is
presented in [19]. A force feedback controller with FEM model
simulation is used in [21] for shape servoing of a volumetric
object. A computationally efficient approach of FEM simulation
is developed in [20] by using partitions of the mesh nodes for
shape servoing task. In [22], an image-based visual servo (IBVS)
controller is developed to cut a deformable object along a desired
path based on deformable object’s mass-spring-damper shape
modeling. Although the physical models provide accurate shape
estimation and prediction, which can be used for shape servoing,
they often require knowledge of the object’s properties and are
computationally costly. Since the object’s properties are required
to be known, the shape servoing solutions are tailored to the
specific object.

Geometric methods estimate the shape and deformations us-
ing data with certain known geometric properties of the object,
such as length or area. In [23], a diminishing rigidity approxi-
mation is made to compute the Jacobian matrix, which is used to
drive the deformable object to a desired configuration. In [11],
the relationship between the control points of Bezier curves
and NURBS curve and the velocity is computed by adaptive
estimation of the parameters in an adaptive controller loop.
In [24], a polynomial representation of the rope is used, where
only the knowledge of the length of the rope is required and a
polynomial visual servoing control law is designed. In [25], a
framework called as-rigid-as-possible (ARAP) shape servoing
is presented based on surface modeling of [26], where the
deformation Jacobian is estimated using only the current data
points.

The data-driven approaches use sensor data and a parametric
representation of the object deformation to estimate the defor-
mations in real-time or from offline stored data for initialization
of the parameters. In [6], a local linear deformation model is
learned by solving a least squares type problem for a given object
configuration and deformation model recalibration is achieved
by iterative learning at various different configurations. A mul-
tilayer neural network is used in [27] to relate the end-effector’s
movement to the object’s deformation with an online learning
process to improve model accuracy. In [28], the deformation
Jacobian is estimated based on a least-squares minimization,
which is further updated based on a user specified confidence
threshold. Estimating the deformation Jacobian is a common
approach to address this problem, however, the control of such
systems is difficult due to the limited number of inputs used
to control the high dimensional object [29]. A tangent space
mapping algorithm is presented in [30] for the manipulation of

deformable objects. In [31], a controller is designed to achieve
a desired final shape of the object along a specific deformation
path. Deep neural network (DNN)-based learning approaches
are presented in [27] and [32], which uses DNN to learn the
deformation for visual servo control.

C. Contributions

In this article, a point-based representation of the deformable
object is used. It is assumed that the 3-D locations of the points
on the object are measured by an RGB-D camera sensor. The
deformation Jacobian is approximated using a Fourier series-
based regression [6], [33]. Since the parameters of the Jacobian
are unknown, an adaptive controller and parameter update law
are developed, which estimates the parameters of the Jacobian.
A constrained controller is designed based on the BLF analysis,
which guarantees the satisfaction of the constraints on the control
point’s position. The parameter update law uses ICL, proposed
in [9], which guarantees the estimation of the ideal parameters
along with the convergence of the shape estimation error. A
local asymptotic stability of the proposed BLF-ICL shape ser-
voing controller can be concluded from the Lyapunov analysis.
The performance of the proposed controller is tested by using
simulations and experiments to regulate the shape of a cloth and
rope from its current shape to a desired shape. Compared to the
literature in [7], [11], and [12] and our prior work in [34], this
article develops a BLF-based adaptive controller, where the ICL
parameter update law is also modified to account for BLF terms
to satisfy state constraints on the control point. The contributions
of this article are as follows.

1) An adaptive deformation Jacobian model is proposed to
compute the deformation matrix in real-time without re-
quiring any prior knowledge of the deformation Jacobian
parameters of the object.

2) A new BLF-based adaptive control design with ICL
parameter update law is presented, which satisfies the
shape regulation and constraint satisfaction objectives.
The constraint satisfaction is useful in practice when the
deformations are subject to physical limitation, e.g., a
cloth placed on a table cannot be folded by moving the
control point inside the table surface.

3) The stability and convergence analysis of the BLF with
ICL-based update law is provided, which shows con-
straint satisfaction, convergence of the shape regulation
error, and parameter convergence to ideal parameters.

4) The performance of the developed controller is tested
using simulation use cases of cloth folding to a desired
shape and also using real experiments of a robot arm
performing cloth folding and rope displacement tasks.
Simulation studies are conducted to test the performance
of the BLF-ICL controller due to the variations in the
size of history stack, in the number of points used for
representing the object, and in the material properties
of the cloth. The BLF-ICL controller shows improved
performance in terms of constraint satisfaction and shape
regulation error compared to three other controllers in-
cluding a state-of-the-art controller in [35].
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Fig. 1. Deformable object representation for shape servoing.

5) The simulation studies and experiments conducted on
objects with different material properties and the object
types show the applicability of the controller to different
types of deformable objects.

The rest of this article is organized as follows. Background
of BLF is provided in Section II. The problem formulation and
shape representation are discussed in Section III. Details of the
BLF-ICL control design and stability analysis are presented in
Sections IV and V, followed by singular value maximization
for ICL parameter update law in Section VI. The controller
validation is provided in Sections VII and VIII using simulation
and experiments. Finally, Section IX concludes this article

II. BARRIER LYAPUNOV FUNCTIONS

In this section, a BLF Lemma is presented from [8], which
shows utility of the Lyapunov function and BLF for achieving
constraints on the state or part of the state.

A. Preliminaries of BLF Control Design

The objective of BLF controller is to design a controller that
achieves a set point regulation task while certain states remain
within a specified bound. Let ηc ∈ R, be a state that should
satisfy certain constraints defined as ‖ηc‖ < ηb ∀t ≥ 0, where
ηb ∈ R+ andηe ∈ Rn is a state on which there are no constraints.

Lemma 1: For any positive constant ηb, let Φ :=
ηc ∈ R : −ηb < ηc < ηb andΨ := Rn × Φ ⊂ Rn+1 be an open
set. Consider the system η̇ = h(η, t), where η := [ηe, ηc]

T ∈ Ψ,
and h : Ψ× R+ ⊂ Rn+1 is a function piecewise continuous in
t and locally Lipschitz in η, uniformly in t. Let there be con-
tinuously differentiable positive definite functionsV1 : Φ → R+

with the property thatV1(ηc) → ∞ as ηc → ±ηb andV2 : Rn →
R+. Let a combined continuously differentiable positive func-
tion V = V1(ηc) + V2(ηe). If the condition holds V̇ = ∂V

∂η ≤ 0,
inside set ηc ∈ Φ, then for ηc(0) ∈ Φ, ηc(t) ∈ Φ ∀t ∈ [0,∞).

III. SHAPE REPRESENTATION AND PROBLEM DEFINITION

Let us define a deformable object, such as a cloth using feature
points, which are used to describe the shape and position of the
cloth in 3-D; and control points, which are used to control the
shape of the cloth and carry out the shape servoing task. As
shown in Fig. 1, a resting configuration represents the initial
state of the soft object before any input is applied. In this article,
object deformation is defined as the change in feature points
on the soft object as a result of an applied velocity input to the
control point. A visual illustration of the deformable object is

Fig. 2. Block diagram of deformable object shape servoing using
adaptive deformation model estimation.

shown in Fig. 1 and a block diagram of the developed shape servo
control system is shown in Fig. 2. The following assumptions are
made to capture the deformation behavior of the objects using
the model presented in the following section.

Assumption 1: The control points are selected such that the
desired configuration is reachable.

Assumption 2: The object is deformed by applying quasi-
static robot motions, which yields into slower motions such that
the object’s inertial, rheological, and viscous effects during the
motion are minimal.

Assumption 3: The soft object is rigidly grasped at all time
with no loose contact during the shape servoing task.

A. System Dynamics

Consider the following system representing the evolution of
the points on the deformable object as a function of the velocity
applied to a point on the object. The system model can be written
as

ṡ = J(s)v (1)

where s(t) = [sT1 , . . ., s
T
n ]

T ∈ R3n denotes the set of n feature
points, which describes the deformable object with si(t) =
[xi, yi, zi]

T denoting the ith feature point’s position with respect
to a fixed frame, and v(t) ∈ Rm represents the input velocity
vector. The deformation Jacobian matrix J(s) ∈ R3n×m is ex-
pressed by J(s) = [θ1Y1(s), θ2Y2(s), . . . , θ3nY3n(s)]

T , where
Yi(s) ∈ Rd×1 represents a vector of basis functions and θi ∈
Rm×d represents its corresponding unknown parameter ma-
trix. Since deriving the Jacobian matrix analytically is chal-
lenging, a Fourier series-based regression is proposed to ap-
proximate the deformation Jacobian matrix, where each ba-
sis function vector Yi(s) is constructed as follows Yi(s) =

1√
d

[
cos

(
ωT

1
s

τ

)
,sin

(
ωT

2
s

τ

)
,...,cos

(
ωT
d−1

s

τ

)
,sin

(
ωT
d

s

τ

)]T

the vector

wk ∈ R3n denotes a vector of frequencies with k = {1, . . ., d},
d is number of basis functions, and τ ∈ R is a constant selected
based on the size of the basis vector. To facilitate the control
development, (1) is rewritten as

ṡ = Ȳ T (s)V̄ T (v)θ̄. (2)

The parameter vector θ̄ ∈ R3nmd is constructed by stacking
the columns of θi as follows θ̄ = [θT11, θ

T
12, . . . , θ

T
21 . . . θ

T
3nd]

T ,
where the vector θij represents the ith matrix’s jth column.
The regressor matrix Ȳ (s) ∈ R3nd×3n is created such that
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Ȳ (s) = blkdiag[Y1(s), . . . , Y3n(s)] and V̄ (v) ∈ R3nmd×3nd is
constructed using the control input vector v(t) as follows:

V̄ (v) =

⎡
⎢⎣
v 0 0

0
. . . 0

0 0 v

⎤
⎥⎦ . (3)

Remark 1: The tradeoff between the model accuracy and
computational requirements can be adjusted using the parameter
d, see [33].

IV. SHAPE SERVOING CONTROL DEVELOPMENT

A. Controller Objective

The control objective is to regulate the shape of the deformable
object given the current measurements of a collection of points
si(t), ∀i = {1, . . . , n} on the object and the desired collection
of points representing the desired shape of the object. In addition,
the control point must remain within a user defined set to ensure
that the state constraint is not violated. Such constraints may
arise from physical constraints or performance constraints, for
example, the end-effector holding the control point may collide
with a table while a cloth folding task is being performed. To
keep the states within certain bounds, a BLF-based controller is
designed, which ensures that the control point remains within a
predefined safety region.

B. Error Definition

For the control design, the shape regulation error e(t) ∈ R3n

is defined as

e(t) � s(t)− sd (4)

where sd ∈ R3n are the feature points on the deformable object
at the desired configuration. The error for the constrained state
ze(t) ∈ R is defined as

ze(t) � Jzs− Jzsd (5)

where Jz ∈ R1×3n is an operator that selects the elements cor-
responding to the control point position. A specific example of
Jz is given in the experiment section. The parameter estimation
error ˜̄θ ∈ R3nmd is defined as

˜̄θ � θ̄ − ˆ̄θ (6)

where ˆ̄θ ∈ R3nmd is the estimated parameter vector. Let vd(t) ∈
Rm be a newly defined virtual velocity signal. The velocity error,
ṽ(t) ∈ Rm can then be defined as

ṽ(t) � v(t)− vd(t). (7)

C. Open-Loop Dynamics

First, the error dynamics is derived. Taking the time derivative
of (4) and using (2) yields

ė(t) = Ȳ T (s)V̄ T (v)˜̄θ + Ĵ(s)ṽ + Ĵ(s)vd (8)

where Ĵ(s) ∈ R3n×m is an estimate of the deformation Jacobian
matrix. The last equation is obtained by adding and subtracting

Ĵ(s)v and using Ĵ(s)v = Ȳ T (s)V̄ T (v)ˆ̄θ. Similarly, the error
dynamics for BLF error is derived. Taking the time derivative of
(5) and substituting (2) yields

że = Jz

{
Ȳ T (s)V̄ T (v)˜̄θ + Ĵ(s)ṽ + Ĵ(s)vd

}
. (9)

D. Controller Design

To achieve the desired regulation and constraint satisfaction
objective, a virtual velocity controller is designed as

vd(t) = −αvĴ(s)
†
(
e+Kb

JT
z ze

k2
e − z2

e

)
(10)

where Ĵ(s)† = (ĴT Ĵ)−1ĴT denotes the Moore–Penrose pseu-
doinverse of Ĵ(s), αv ∈ Rm×m is a constant positive-definite
diagonal gain matrix, Kb ∈ R is a control gain for BLF terms,
and ke ∈ R is the bound on ze. Due to the presence of BLF term
in (10), the velocities could reach very high values when the
states are very close to the boundary. To avoid such undesired
effects, inspired by backstepping control design [36], [37], the
velocity controller is designed as v̇(t) according to the subse-
quent Lyapunov analysis

v̇(t) = v̇d −K1ṽ − Ĵ(s)T
(
e+

JT
z ze

k2
e − z2

e

)
(11)

where K1 ∈ R is the velocity error gain, which using (7) yields
the following error dynamics:

˙̃v(t) = −K1ṽ − Ĵ(s)T
(
e+

JT
z ze

k2
e − z2

e

)
. (12)

By substituting (10) into (8), the closed-loop error dynamics can
be written as

ė(t) = Ȳ T (s)V̄ T (v)˜̄θ + Ĵ(s)ṽ − αvP

(
e+Kb

JT
z ze

k2
e − z2

e

)
(13)

where P = Ĵ Ĵ † ∈ R3n×3n. The Jacobian Ĵ is estimated by

designing an update law for the parameters ˆ̄θ using ICL. To
simplify the notations, let Q = Ȳ T V̄ T ∈ R3n×3nmd. The ICL-
based parameter update law is designed as

˙̄̂
θ = Γ−1

θ

{
QT e+

QTJT
z ze

k2
e − z2

e

+Kcl

N∑
i=1

Q̄T
i (s(ti)− s(ti −�t)− Q̄i

ˆ̄θ)

}
(14)

where Γ−1
θ ∈ R3nmd×3nmd and Kcl ∈ R3nmd×3nmd are con-

stant, positive definite diagonal gain matrices and Δt ∈ R is
a positive constant representing the size of the window of
integration, and Q̄(t) is the integral of Q defined as

Q̄(t) =

∫ t

max{t−�t,0}
Q(s(τ), v(τ))dτ. (15)

Taking the integral on both sides of (2) and substituting for Q,
results in

∫ t

t−�t ṡ(τ)dτ =
∫ t

t−�t Q(s, v)θ̄dτ . Using the fact that

θ̄ is a constant, result in (15) and the fundamental theorem of
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calculus yields

s(t)− s(t−�t) = Q̄(t)θ̄. (16)

Since θ̄ is a constant, it can be taken out of the integral. Substi-
tuting (16) in (14) results in

˙̄̂
θ = Γ−1

θ

{
QT e+

QTJT
z ze

k2
e − z2

e

+KclR
˜̄θ

}
(17)

where R =
∑N

i=1 Q̄
T
i Q̄i ∈ R3nmd×3nmd. Taking time deriva-

tive of (6), the parameter estimation error dynamics can be
written as

˙̄̃
θ = −Γ−1

θ

{
QT e+

QTJT
z ze

k2
e − z2

e

+KclR
˜̄θ

}
. (18)

To implement the update law in (14), data collected from the
system is stored in a history stack, denoted by {s(tj), s(tj −
Δt), Q̄i(tj)}Nj=1, which is recorded at the increasing time se-
quence {tj}Nj=1. The closed-loop dynamics of the constrained
state error can be derived by substituting (10) into (9)

że = Jz

{
−αvP

(
e+Kb

JT
z ze

k2
e − z2

e

)
+Q ˜̄θ + Ĵ(s)ṽ

}
. (19)

V. STABILITY ANALYSIS

To facilitate the analysis of the controller and parameter
estimation law, the following assumption about the history stack
is made.

Assumption 4: The system in (1) is sufficiently exciting over
a finite duration of time, which implies that ∃δ > 0, ∃T >
Δt : ∀t ≥ T , λmin{R} > δ, where λmin denotes the minimum
eigenvalue of the matrix.

Remark 2: Assumption 4 is weaker than the typical persis-
tence of excitation condition required in traditional adaptive
control, see [9].

Remark 3: History stack is referred to as full rank when As-
sumption 4 is satisfied and it is not full rank when the Assumption
is not satisfied Assumption 4.

Assumption 5: The matrix Ĵ is full column rank that is
rank(Ĵ) = m and for an appropriate ε > 0 if e ∈ B3n(0, ε), the
feature error e /∈ Null(ĴT ).

Remark 4: Assumption 5 requires the construction of Ĵ using

suitable basis functions and parameter values ˆ̄θ so that the
full column rank condition is satisfied. The second condition
requires that the feature motion is realizable and no local minima
exists in the region defined by B3n(0, ε). This condition can be
achieved by shrinking ε appropriately as outlined in [38].

Two theorems are presented for the stability analysis of the
controller and parameter estimation scheme for the cases when
Assumption 4 is not satisfied and is satisfied.

Theorem 1: If Assumption 5 is satisfied and Assumption 4
is not satisfied, then for all t ∈ [0, T ), the shape regulation,
parameter estimation, and the constrained state errors generated
by the closed-loop dynamics in (13), (12), (18), and (19) remain
bounded and the state constraint ‖ze(t)‖ < ke are satisfied
∀t > 0 given that the initial conditions satisfy, ‖ze(0)‖ < ke.

Proof: Let Φ = {ze|‖ze‖ < ke} ⊂ R. To analyze the sta-
bility of the constrained state, the following symmetric BLF

candidate is selected as V1 : Φ → R+:

V1 =
1
2

log
k2
e

k2
e − z2

e

. (20)

Since V1 is positive definite and continuous in Φ, it is a valid
Lyapunov function candidate. The time derivative of V1 in (20)
after utilizing (19) is given by

V̇1 =
zTe Jz
k2
e − z2

e

{
−αvP

(
e+Kb

JT
z ze

k2
e − z2

e

)
+Q ˜̄θ + Ĵ(s)ṽ

}
.

(21)
Let ζ(t) = [ze(t), e(t),

˜̄θ(t), ṽ(t)]T ∈ D, where D ⊂ Φ× R3n

× R3nmd × Rm. Now, consider a combined continuously dif-
ferentiable Lyapunov function candidate, V (ζ) : D → R+

V (ζ) = V1 +
1
2
eT e+

1
2
˜̄θTΓθ

˜̄θ +
1
2
ṽT ṽ. (22)

Taking the time derivative of (22) and substituting (18), (13),
(19), and (21) yields

V̇ =
zTe Jz
k2
e − z2

e

{
−αvP

(
e+Kb

JT
z ze

k2
e − z2

e

)
+Q ˜̄θ + Ĵ ṽ

}

+ eT
{
Q ˜̄θ + Ĵ ṽ − αvP

(
e+Kb

JT
z ze

k2
e − z2

e

)}

− ˜̄θT
{
QT e+

QTJT
z ze

k2
e − z2

e

+KclR
˜̄θ

}
+ ṽT {v̇ − v̇d} .

(23)

After simplifications the expression of V̇ (ζ) is reduced to

V̇ = − αv

(
zTe Jz
k2
e − z2

e

+ eT
)
P

(
e+Kb

JT
z ze

k2
e − z2

e

)
+ ṽT v̇

+

(
zTe Jz
k2
e − z2

e

+ eT
)
Ĵ ṽ − ˜̄θTKclR

˜̄θ − ṽT v̇d. (24)

Substituting the controller from (11) and simplifying terms
results in

V̇ = − αv

(
zTe Jz
k2
e − z2

e

+ eT
)
P

(
e+Kb

JT
z ze

k2
e − z2

e

)

− ˜̄θTKclR
˜̄θ −K1ṽ

T ṽ. (25)

Since Assumption 4 is not satisfied, (25) can be upper bounded
as follows by noting that R  0

V̇ ≤ −αv

(
zTe Jz
k2
e − z2

e

+ eT
)
P

(
e+Kb

JT
z ze

k2
e − z2

e

)
−K1ṽ

T ṽ.

(26)
From (26), V̇ (ζ) is negative semidefinite on Φ× R3n ×
R3nmd × Rm. Invoking Lemma 1, it is concluded that ze(t)
stays bounded within ±ke as long as ze(0) starts within ±ke.
Furthermore, invoking [39, Th. 8.4], it can be concluded that
ζ(t) is bounded and by using the fact that V̇ (ζ(t)) ≤ 0, we have
V (ζ(t)) ≤ V (ζ(0)). Thus, ‖ζ(t)‖ ∈ L∞. �

Next theorem analyzes stability of the closed-loop system
when Assumption 4 on the history stack is satisfied.

Theorem 2: If Assumptions 5 and 4 are satisfied, then for
ζ(T ) ∈ D, the closed-loop error systems in (13), (12), (18), and

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



6 IEEE/ASME TRANSACTIONS ON MECHATRONICS

(19) are asymptotically stable in the sense that as t → ∞

‖e(t)‖ → 0, ‖θ̃(t)‖ → 0, ‖ṽ(t)‖ → 0, ‖ze(t)‖ → 0. (27)

Proof: If Assumptions 4 and 5 are satisfied, then λmin{R} >
δ. Since, e /∈ Null(ĴT ), the derivative of Lyapunov function in
(22) from (25) can be written as

V̇ = − αv

(
zTe Jz
k2
e − z2

e

+ eT
)
P

(
e+

JT
z ze

k2
e − z2

e

)

− ˜̄θTKclR
˜̄θ −K1ṽ

T ṽ. (28)

Since V̇ ≤ 0, it can be concluded that V (t) ≤ V (0), which

implies that e, ˜̄θ, ṽ ∈ L∞. From Lemma 1, it is concluded that
ze ∈ L∞. Next, to check the uniform continuity of V̇ (t), the
derivative of V̇ yields

V̈ = −αv

(
zTe Jz
k2
e − z2

e

+ eT
)
Ṗ

(
e+

JT
z ze

k2
e − z2

e

)
− ˜̄θTKclṘ

˜̄θ

− 2αv

(
zTe Jz
k2
e − z2

e

+ eT
)
P

(
ė+

JT
z że

k2
e − z2

e

+
2 JT

z z2
eże

(k2
e − z2

e)
2

)

− 2 ˜̄θTKclR
˙̄̃
θ − 2K1ṽ

T (v̇ − v̇d) (29)

where Ṗ = d
dt (Ĵ Ĵ

†) and Ṙ = d
dt (
∑N

i=1 Q̄
T
i Q̄i). Since e, ˜̄θ, ṽ,

ze ∈ L∞, from (13), (18), (19), (11), and (10), it can be con-

cluded that ė,
˙̄̃
θ, że, ˙̃v, and vd are bounded. Since ṽ ∈ L∞ implies

v is bounded. Furthermore, from taking derivative of J(s) and

using Yi(s), and
˙̄̂
θ ∈ L∞, it can be proved that Ĵ and ˙̂

J are
bounded. Using (16), it can be shown that Q̄ ∈ L∞ and using
(15), it can be shown that Ṙ ∈ L∞. Then, from (29), it can be
observed that V̈ (t) ∈ L∞. This shows that V̇ (t) is uniformly
continuous. Given that V (t) ≥ 0, invoking Barbalat’s lemma,
the right-hand side of (28) converges to 0, which implies that
‖ ˜̄θ‖ → 0, ‖ṽ‖ → 0, and ‖e‖ → 0 and ‖JT

z ze‖ → 0 as t → ∞
given that JT

z ze + e = 0 only when ze and e are identically 0.
Furthermore, since ze /∈ Null(JT

z ), ‖ze‖ → 0 as t → ∞. �
Remark 5: In general,P � 0 is very hard to achieve when the

dimension of s(t) is larger than the dimension of v(t). Similar to
the stability analysis for the IBVS shown in [38] a local stability
of the error dynamics can be concluded.

VI. SINGULAR VALUE MAXIMIZATION FOR ICL

In this section, a method that chooses the data points of history
stack based on eigenvalue maximization, is presented (cf. [40]).
By maximizing the minimum eigenvalue of

∑N
i=1 Q̄

T
i Q̄i the

convergence rate of ˜̄θ can be improved as seen from (28).
Since the dimension of Q̄ can be very high due to large num-
ber of points representing the deformable object, maximizing
λmin(

∑N
i=1 Q̄

T
i Q̄i) is computationally expensive. The struc-

ture of Q̄(s(t), v(t)) =
∫ t

max{t−�t,0} Ȳ
T (s(τ))V̄ T (v(τ))dτ ∈

R3n×3nmd can be used to reduce the computation, which is

shown next. Consider Q̄(s(t), v(t))

Q̄ =

∫ t

max{t−�t,0}

⎡
⎢⎣
Y T

1 (s) 0 0

0
. . . 0

0 0 Y T
3n(s)

⎤
⎥⎦
⎡
⎢⎣
vT 0 0

0
. . . 0

0 0 vT

⎤
⎥⎦dτ
(30)

which when multiplied can be written as follows since all Yis
are identical

Q̄ =

∫ t

max{t−�t,0}

⎡
⎢⎣
q 0 0

0
. . . 0

0 0 q

⎤
⎥⎦ dτ (31)

where q ∈ R1×md. Let q̄ =
∫ t

max{t−�t,0} qdτ . The product∑N
i=1 Q̄

T
i Q̄i can be written as

N∑
i=1

Q̄T
i Q̄i =

⎡
⎢⎣
∑N

i=1 q̄
T
i q̄i 0 0

0
. . . 0

0 0
∑N

i=1 q̄
T
i q̄i

⎤
⎥⎦ . (32)

Since
∑N

i=1 Q̄
T
i Q̄i contains repeating entries of

∑N
i=1 q̄

T
i q̄i on

the block diagonals, the minimum eigenvalue of
∑N

i=1 Q̄
T
i Q̄i

is the same as the minimum eigenvalue of
∑N

i=1 q̄
T
i q̄i. There-

fore, maximizing λmin(
∑N

i=1 q̄
T
i q̄i) is sufficient to maximize

λmin(
∑N

i=1 Q̄
T
i Q̄i), which is a much reduced computation due

to the size of q̄Ti q̄i. The computation of λmin(
∑N

i=1 Q̄
T
i Q̄i)

scales independent of the size of the feature points and only
depends on sizes of the basis vector d and the control input m.
Details of the singular value maximization method can be found
in [9], [40], and references therein.

Remark 6: For both simulation and experiment, the history
stack is initialized using data collected from an offline phase.
Predefined constant velocity motions in different directions are
applied to the end-effector to simulate the motion of deformable
object. The collected data is used to fill up the history stack such
that Assumption 4 is satisfied.

VII. SIMULATION STUDIES

A. Simulation Setup

A particle-based simulation library from NVIDIA Flex is used
to evaluate the proposed BLF-ICL controller on an Alienware
Aurora R12 Intel-i7 Desktop with a NVIDIA GeForce GTX
1660 Ti GPU and 16-GB RAM. A cloth consisting of 30 cm
× 30 cm is chosen as a deformable 3-D object as shown in
Fig. 3 for the simulation. A rigid cube is attached to one point
on the corner of the cloth to simulate the grasped point on the
deformable object by a robot end-effector. At each iteration,
the velocity input is computed and applied to the rigid cube to
manipulate the deformable object to its desired configuration. A
small subset of points are sampled symmetrically from the object
from its edges and middle portion. The desired configuration sd
is obtained by storing the 3-D positions of each point at the
desired shape as shown in Fig. 3, where the height of the control
point is 0.3433 cm above the surface. Simulation studies are
conducted to test the performance of the developed BLF-ICL

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



GUTHIKONDA AND DANI: SHAPE SERVOING OF DEFORMABLE OBJECTS USING MODEL ESTIMATION AND BARRIER LYAPUNOV FUNCTION 7

Fig. 3. Simulation results showing (a) initial configuration of the cloth,
(b) intermediate configuration, (c) intermediate configuration, and (d)
desired configuration of the cloth.

shape servoing controller against three other controllers, and for
variations in the size of the history stack, N , number of feature
points, and cloths with different material properties.

B. Cloth Folding Simulation

The deformable object Jacobian is approximated using
Fourier basis functions with d = 20 basis functions. The weight
parameters wk of the basis functions, where k = {1, . . . , d}, are
initialized from a normal distribution with zero mean, and unit
variance and a constant τ = 1. The dimension of the control
input v(t) is m = 3. A total of n = 17 points are symmetrically
sampled, 12 points from the edges, and 5 from the middle of
the cloth to represent the 3-D configuration in the camera frame.
The performance of the BLF-ICL controller is compared with an
ICL controller, a BLF controller with gradient update law, and
a shape servoing controller developed in [35]. For the BLF-ICL
controller, the controller gains are selected to be αv = 5I3,
K1 = 60, and Kb = 1. Whereas the parameter update gains are
selected as Γ−1

θ = 2I3nmd and Kcl = 10I3nmd for the ICL term.
The bound on ze is selected to be ke = 0.3, which ensures that
the control point remains within ±ke of the height of the desired
point above the table surface. The time window of integration for
ICL is Δt = 0.5 s and the size of the history stack is computed
using the inequality N ≥ dm and is selected as N = 70. The
input vector is initialized as v = [0.01, 0.01, 0.01]T cm/s. The
same parameters are chosen for both the ICL controller and
the BLF-Gradient controller, except α, Γ−1

θ , and kb, which
are selected as αv = 0.5I3, Γ−1

θ = 0.2I3nmd, Kb = 0.5. The
parameters of the controller in [35] are selected as Jacobian
update parameter Γ = 0.95, and gains c = 0.7, C = 1In.

The results from the simulation are summarized in Fig. 4(a)–
(c). In Fig. 4(a), shape regulation error norm of the BLF-ICL
shape servoing controller is compared with that of an ICL-based
controller without the constraint, BLF controller with gradient
parameter update law and the controller in [35]. The BLF-ICL
controller uses constrained state error in the control law and
the adaptive update law in addition to the history stack in the
adaptive parameter update law. This allows the shape regulation
error to converge to a small value of 0.04 cm2 while maintaining
the control point above and below 0.312 cm of the height of its
desired location from the table surface, which avoids the control
point hitting the table or going too far above the table surface.
On the other hand, the ICL-based method and the controller

TABLE I
EFFECT OF THE SIZE OF HISTORY STACK

in [35] that does not use any constraints in the controller design
may cause the control point to go through the table surface by
violating the bound in vertical direction from 35 to 40 s and 5 to
10 s, respectively. When the constraints on the vertical motion
of the control point are not enforced, the control point may
take nonfeasible paths before reaching the desired shape. The
constrained state error for both the controllers is presented in
Fig. 4(b), which shows that the BLF-ICL and BLF-gradient
controllers ensure constraint satisfaction of the control point
within the predefined safety region. Between 9–10 s and 31–32 s,
the control point approaches the boundary, which causes the
higher control velocities near that time as seen from Fig. 4(c)
for the BLF controllers, which causes the control point to move
away from the boundary after around those time instances for
BLF-based controllers. However, the controllers without the
BLF term violate the constraints on the control point during
transient motion. The controller in [35] also shows high veloc-
ities spikes throughout the simulation, which may cause issues
in practical settings.

C. Performance With Respect to History Stack Size

In this section, simulations are carried out to test the per-
formance of the shape regulation error and convergence time
with respect to the size of the history stack N . The same
simulation parameters are selected for all simulations except the
size of the history stack. The parameters are selected as: d = 20,
n = 51, Kcl = 10, K1 = 60, Kb = 1, αv = 5I3, Γ−1

θ = 2I3nmd

and the bounds on the control point is ke = 0.3. The results are
summarized in Table I. The root mean squared error (RMSE) is
computed over 100 s at the sample rate of 60 frames per second.
Time to converge is computed as time after which the error norm
is always less than 7% of the initial error. From Table I, it is
observed that as the size of the stack N increases, the RMSE of
the shape regulation and the time to converge decrease. However,
increasing N too high can be computationally expensive while
providing negligible improvement.

D. Performance of Variation in the Number of Feature
Points

In this section, simulations are carried out to test the perfor-
mance of the BLF-ICL controller when the cloth is represented
using different number of discrete set of feature points. The
same simulation parameters are selected for all simulations. The
parameters are: d = 20, n = 51, N = 70, Kcl = 20, K1 = 60,
Kb = 1,αv = 1.5I3,Γ−1

θ = 1I3nmd, and the bounds on the con-
trol point is ke = 0.3. The final shape regulation error using all
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Fig. 4. Results of the simulation, and comparison between BLF-ICL controller, Gradient-BLF, ICL-controller without BLF terms, and a controller
using Broyden update rule [35]. (a) Shape error norm ‖e‖2. (b) Control point error ze. (c) Norm of the control velocities.

TABLE II
EFFECT OF NUMBER OF FEATURE POINTS

TABLE III
EFFECT OF DIFFERENT MATERIAL PROPERTIES

the points on the cloth and time to converge metrics are reported
in Table II to evaluate the controller performance with respect to
the expressiveness of the cloth representation based on number
of feature points. As the number of feature points to match (size
n of the state vector) increases, the time of convergence also
increases but the final shape regulation error decreases achieving
the desired shape more accurately. With fewer feature points, the
task can be carried out faster with larger final shape error.

E. Performance of Variation in Material Properties

In this section, simulations are carried out to test the perfor-
mance of the controller on the cloth object with different stretch,
bend, shear stiffness, and mass properties. In NVIDIA Flex
simulator cloth motions are simulated with different material
properties. The shape servoing controller’s performance is tested
with three different sets of material properties by keeping a
constant mass parameter, and by keeping stiffness properties
same with variation in mass. The same simulation parameters
used to test the variation of history stack are selected for all
simulations. The size of the history stack is selected as N = 70
and corresponds to data collected from a cloth with stretch
stiffness 1.0, bend stiffness 0.5, and shear stiffness 0.9. The
results are reported in Table III. The history stack for varying
material properties is initialized using the data collected on

Fig. 5. Experimental setup for cloth shape manipulation control. Ref-
erence frames Fr , Fe, and Fc correspond to the robot body, robot
end-effector, and Microsoft Kinect camera. Images on the right show
RGB-D data from camera.

the same object with different material properties. From the
metrics reported in Table III, it is observed that history stack
collected from an object can work on a similar object with
different material properties to achieve a good shape regulation
performance.

VIII. EXPERIMENT

A. Experiment Setup

The experimental platform, which includes a Baxter robot, a
deformable object, such as a cloth or a rope, and a Microsoft
Azure Kinect camera sensor, is shown in Fig. 5. The developed
controller is tested using two types of deformable objects, a
cloth and a rope. The cloth and rope are placed horizontally on
a table top and one arm of the Baxter robot is used to grasp
one end of the object. The other end is securely fastened to the
table. Images of the cloth object are obtained using the Kinect
sensor at the frame rate of 30 Hz are shown in Fig. 5. Based on
the Kinect images, the current shape of the object is obtained
from the constrained deformable coherent point drift (CD-CPD)
algorithm proposed in [41]. CD-CPD provides a point-based
representation to describe the location of the object with respect
to the camera reference frame. Out of 100 points produced by
the CD-CPD algorithm used as its input, 13 points are selected
to represent the cloth as shown in Fig. 6. In the case of the rope,
the point cloud input to CD-CPD, outputs ten 3-D keypoints
representing the current configuration of the rope out of which all
10 are used as the feature points by the shape servoing controller.
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Fig. 6. Experimental results showing initial, intermediate, and final (de-
sired) configurations of the cloth, where green points show the desired
configuration and blue points show the current configuration of the cloth.

The designed BLF-ICL controller is implemented such that
the control point maintains a constant position above the table.
To compute the bounds, a distance from the control point to
the plane describing the table top is calculated. Since all the
measurements are taken from a coordinate frame attached to
the camera Fc, which is pointed down at an angle to the table
surface, the height of the control point cannot be determined
solely using measurements along the optical axis. Therefore,
three points on the deformable object kept flat on the table are
used to define a plane and the normal vector [nx, ny, nz]

T is
calculated in the camera reference frame. The operator Jz in (5)
is computed as Jz = [[nx, ny, nz]

T , 01×(3n−3)]
T . Marker-based

systems can also be used to compute the normal vector.

B. Cloth Shape Servoing Experiment

Details of a cloth folding experiment are presented in this sec-
tion. The deformable object’s Jacobian matrix is approximated
using a set of basis functions and unknown parameters. The
frequencies of the basis functionswk, where k = {1, . . . , d}, are
selected from a normal distribution with zero mean and unit vari-
ance. The number of frequencies and the constant τ is selected
as d = 40 and τ = 1, respectively. The dimension of the control
input v(t) is m = 3. Two controllers are implemented, namely,
the proposed controller BLF-ICL and a controller without the
BLF terms.

For the BLF-ICL controller, the control gains of the virtual
controller is selected as αv = 0.0251I3, the proposed filtered
controller gain is selected asK1 = 45, the constrained state gain
is chosen as Kb = 1, the constraint on ze is selected as ke =
0.04, the adaptation gain is set to Γ−1

θ = 0.3I3nmd, and the gain
for ICL terms is used as Kcl = 0.001I3nmd. The time window
of integration for ICL terms is selected to be Δt = 0.75 s and
the size of the history stack is selected as N = 140. For the
controller without BLF terms, same parameters are used except
the ones that are mentioned next, which are selected as αv =
0.0575I3,Γ−1

θ = 0.03I3nmd,Kcl = 10I3nmd, andK1 = 30. The
input vector is initialized as v(t0) = [0.01, 0.01, 0.01]T m/s.

A sequence of images showing the experiment in progress is
shown in Fig. 6. The results from the experiment are summarized
in Fig. 7. In Fig. 7, the performance of the proposed BLF-ICL-
based controller is compared with an ICL-based controller in
terms of the shape regulation error. The shape error converged to
a small error near 0m with the proposed controller. It is observed
that the constrained state error remains within the safety region
ensuring that the control point stays away from the boundaries,
i.e., without hitting the table surface, whereas for the controller
without BLF, the constraints are violated and the control point

Fig. 7. Results for the cloth folding experiment, and comparison
between BLF-ICL controller and ICL-controller without BLF terms.
(a) Shape error norm squared. (b) Control point error. (c) Control ve-
locities.

Fig. 8. Experimental results showing initial, intermediate, and desired
configurations of a rope displacement task, where green points show the
desired configuration and blue points show the current configuration.

Fig. 9. Results for the rope experiment with BLF-ICL controller.
(a) Shape error norm squared. (b) Control point error. (c) Control ve-
locities.

reaches the table surface near t = 6 s, shown using a vertical
line in Fig. 7. The control velocity shown in Fig. 7, where it is
observed that the higher control velocities are generated by the
BLF-ICL controller when the constrained state reaches near the
constraint boundaries.
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C. Rope Shape Servoing Experiment

An experiment is conducted to test the applicability of the
shape servoing method to a rope. Shape servoing of a rope like
object to displace it from one location to another is selected
as a use case as shown in Fig. 8. Similar to the cloth like
object, the rope is represented using a discrete set of 10 points.
The other parameters for the deformation model are selected as
d = 20, τ = 1. The BLF-ICL controller parameters are selected
as: αv = 0.3, K1 = 60, ke = 0.06, Kb = 1.0, Γ−1

θ = 1.0I3nmd,
Kcl = 50I3nmd. For ICL, the size of history stack is selected
as N = 90, and Δt = 0.67 s. The shape estimation error norm,
control point error, and control velocities are shown in Fig. 9. It
can be observed that the shape estimation error converges to 0,
and the control point stays within the specified bounds.

IX. CONCLUSION

In this article, an adaptive controller that satisfies physical
constraints for achieving shape regulation of the deformable
objects is designed based on the BLF and ICL methodologies.
The unknown deformation Jacobian is approximated using a
Fourier series-based regression with unknown parameters. An
ICL-based parameter update law is designed to estimate the
parameters. The controller is able to regulate the shape of the
object to a desired shape and satisfy constraints on the system
state simultaneously. The ICL-based law uses a history stack
of the prior data in the parameter estimation law, which yields
convergence of the parameter estimates to the ideal parame-
ters. Lyapunov stability theorems are presented to prove the
boundedness of the closed-loop signals and convergence of the
shape regulation and parameter estimation errors. The BLF-ICL
adaptive controller is implemented using NVIDIA Flex simula-
tor on a cloth folding use case. The comparison studies show
that the BLF-ICL controller is able to maintain the physically
inspired constraints and shows a good shape regulation perfor-
mance. Simulation studies for variations in control parameters
provide insights into how to select parameters, such as size of
history stack and number of points used to represent the object.
Experiments are performed using a robot platform, and a Kinect
RGB-D camera for a cloth folding and rope displacement tasks.
This shows the applicability of the controller to different types of
deformable objects. In future, extensions of the BLF-ICL con-
troller to manipulate deformable objects using multiple points
and rotational velocities will be explored, which can achieve
more complex manipulation tasks.
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